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Abstract
Beyond Standard Model physics frequently connects flavor symmetry with a discrete group. If
the discrete symmetry arises spontaneously from a gauge theory, one can maintain compatibility
with quantum gravity and avoid anomalies. We provide an example of such a model with the
Standard Model gauge group extended to SU(3)C × SU(2)L ×U(1)Y × SU(2)T ′ where the binary
tetrahedral flavor group T ′ is embedded in SU(2)T ′ . Quark and lepton masses and mixing angles
are fit to data, where lepton mixing angles are shifted from tribimaximal values by the addition
of scalar VEVs to agree with the experimental data.
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I. INTRODUCTION
Flavor models of elementary particles have had to evolve as new data becomes available.
As the data becomes more precise, the models become more sophisticated. The usual model
building practice is to extend the standard model (SM) with a discrete symmetry which
is used to fit the data. But variations abound, from extending a supersymmetric SM, to
discrete group extended grand unified models (For reviews see [1–5]), to top-down fully
gauged theories where the gauge group is sufficiently large to accommodate both the GUT
and flavor symmetries [6]. Here we take a minimalist approach and look for the smallest
fully gauged model that can explain all the data.
One of the simplest and most natural flavor models is the SM extended by the discrete
group T ′ [1, 7–13], where the one and two dimensional irreducible representations (irreps)
accommodate the quarks, while the leptons fit naturally into one and three dimensional
irreps. For a phenomenological discussion and recent summary of the data, see e.g., [27].
The current challenge is to fit the most recent neutrino data with a T ′ model. A short-
coming of nearly all discrete flavor models is their lack of compliance with gravity [15], i.e.,
gravity breaks discrete global symmetries. But since gravity does not interfere with gauge
symmetries, gauging a discrete symmetry by embedding it in a gauge group is a way to
avoid this problem. But one still has to contend with discrete [16–20] or continuous chiral
gauge anomalies. Our minimalist approach then leads us to gauge T ′ flavor. The smallest
continuous group that contains T ′ is SU(2), so this is what we will attempt below. Various
complications arise, but we will be able to deal with them as we go along.
We take the simplified renormalizable T ′ extension of the standard model of [10] and
augment it in two ways. First, we add scalar singlets, that will acquire VEVs and shift the
predictions of tribimaximal (TBM) mixing and of the Cabibbo angle from previous models
to be more in line with current experimental values. Second, after adding a few fermions,
the T ′ group is embedded into a gauged SU(2) group we will call SU(2)T ′ . This averts
problems with gravity and chiral anomalies that can arise from adding discrete groups to
the standard model. It also provides an elegant description of the discrete symmetry as a
residue of a gauge group acting at higher scale. Finally we summarize how SU(2)T ′ can be
broken directly to T ′ with a VEV for a particular scalar multiplet.
The next section contains the lepton sector particle assignments, plus the assignments
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for the scalar fields that enter the lepton Yukawa Lagrangian at the T ′ scale. Section III
contains similar information for the quark sector; in Section IV we discuss tribimaximal
(TBM) mixing, where a T ′ triplet Higgs gets a vacuum expectation value (VEV). Since
there is currently tension between the data and TBM predictions, we add T ′ scalar singlets
with VEVs to shift TBM predictions in Section V, where we show our new fit is in agreement
with all lepton data. Section VI focuses on the quark sector, where the new scalar singlet
VEVs now contribute to quark mixing.
It is the above described T ′ model we gauge to SU(2)T ′ , and describe in Section VII,
where various additional particles need to be added to avoid all chiral anomalies. Section
VIII describes the spontaneous symmetry breaking (SSB) from SU(2)T ′ to T
′, and Section
IX contains our conclusions and plans for further work. An appendix collects all the T ′
group theory needed for this paper.
II. LEPTON SECTOR LAGRANGIAN AT THE T ′ SCALE
We begin by reviewing the lepton sector just above the T ′ scale. Because none of the lep-
tons will be in even dimensional irreducible representations (irreps), this sector is equivalent
to an A4 model [21, 22]. We have also given the model a Z2 symmetry in order to disallow
certain terms in the Lagrangian. This Z2 will also be gauged.
The standard model leptons are assigned to the following irreps [10] of T ′ × Z2 (and of
A4 × Z2):  ντ
τ−

L νµ
µ−

L νe
e−

L

LL(3, 0)
τ−R (11, 1)
µ−R (12, 1)
e−R (13, 1)
N
(1)
R
N
(2)
R
N
(3)
R
NR(3, 0) (1)
where NR is a T
′ triplet of right handed neutrinos. In addition we will need the following
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scalars:
H3(3, 0) = (H
1
3 , H
2
3 , H
3
3 )
H ′3(3, 1) = (H
1
3′ , H
2
3′ , H
3
3′)
H11(11, 0)
H12(12, 0)
H13(13, 0)
(2)
Where the subscripts correspond to the T ′ irrep where the scalars live.
Aside: Note that here and and below we use a different notation from [10] which used
a multiplicative form for the Z2 charges, i.e., ±1. Since we will be concerned with discrete
and continuous chiral gauge anomalies, we use additive Z2 charges, i.e., integers mod 2, to
be consistent with most of the literature. When we later embed Z2 in a U(1) we will use
integer charges.
With the above content, the most general lepton sector Yukawa Lagrangian is:
Ll = YτLLτRH3′+YµLLµRH3′+YeLLeRH3′+LLNR(YxH12+YyH13+YzH11+YTBH3)+mNNRNR
(3)
The proper choice of VEVs for H3 and H3′ lead to values for the charged masses and the
TBM mixing matrix. Giving VEVs to the singlets will break T ′ to Q, the group of unit
quaternions, and shift the TBM matrix closer to experimentally compatible values.
III. QUARK SECTOR LAGRANGIAN AT THE T ′ SCALE
The main advantage of a T ′ flavor model is that it is the discrete group of smallest order
with a sufficiently diverse set of irreps that can be used to model both the quark and lepton
sectors. Specifically, it has even-dimensional irreps that can also be used to economically
describe the quark sector, as we will now summarize [10]. The standard model quarks are
assigned to the following irreps: t
b

L
QL (11, 0) c
s

L u
d

L

QL (21, 0)
tR (11, 0)
bR (12, 1)
cR
uR
 CR (22, 1)
sR
dR
SR (23, 0).
(4)
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In addition to the scalars listed above, we add one more singlet:
H1′3(13, 1) (5)
Hence the most general quark sector Yukawa Lagrangian is then:
Lq = YtQLtRH11 + YbQLbRH13′ +QLCR(YCH3′ + YC′H13′ ) +QLSR(YSH3 + YS′H12) (6)
We see that a constraint on our model is that the VEVs of H3, H3′ , H12 , and H11 must
have values that are simultaneously compatible with the experiment data for both the quark
and lepton sector.
IV. TBM MIXING FROM T ′
Before we derive our experimentally compatible PMNS matrix [23], we show that just
below the T ′ energy scale where only T ′ triplets have VEVs, the neutrinos exhibit the
familiar TBM mixing pattern [24]. Using the Clebsch-Gordan coefficients for T ′ detailed in
the Appendix, we find that the term mNNRNR from equation (3) gives a mass matrix for
right handed neutrinos:
MN =

mN 0 0
0 0 mN
0 mN 0
 (7)
Similarly, we construct the Dirac mass matrix associated with the term YTBLLNRH3 of
the lepton Lagrangian:
MD =

eN1 eN2 eN3
µN1 µN2 µN3
τN1 τN2 τN3
 = YTB

v2 −v1 0
−v3 0 v1
0 v3 −v2
 (8)
Where (v1, v2, v3) is the VEV of the scalar H3. The Majorana mass matrix is given by:
Mν = MDM
−1
N M
T
D (9)
The rows of the Majorana mixing matrix are the normalized eigenvectors of this mass
matrix, we find that for a VEV of < H3 >= V (1, 1,−2), (where V is some constant), we
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recover the TB mixing matrix in the form
UTBM =

√
2
3
√
1
3
0
−
√
1
6
√
1
3
−
√
1
2
−
√
1
6
√
1
3
√
1
2
 . (10)
Currently TBM is excluded at the 5σ level. For a different perspective see [25].
V. SHIFTED TBM MIXING
Our next step is to augment this matrix using VEVs for the additional scalars H11 , H12
and H13 . (For an alternative perturbation theory approach see [26].) Including these in
the model introduces the terms LLNR(YxH12 + YyH13 + YzH11) into the Lagrangian. These
terms have a mass matrix:
Mxyz =

−x z y
−y x z
z −y −x
 (11)
Where x, y, and z represent Yx < H12 >, Yy < H13 >, and Yz < H11 > respectively. Our
Dirac mass matrix is now
MD′ = MD +Mxyz = YTB

v2 − x′ −v1 + z′ y′
−v3 − y′ x′ v1 + z′
z′ v3 − y′ −v2 − x′
 (12)
where x′ = x
YTB
, y′ = y
YTB
and z′ = z
YTB
. The Majorana mixing matrix, U, is obtained the
same way as before. The fit parameters x′, y′ and z′ can now be varied to shift the entries
of U from their TBM mixing values closer to current experimental values. The present 3σ
experimental ranges of the magnitudes of the matrix elements are given below [27–29]:
0.799↔ 0.844 0.516↔ 0.582 0.141↔ 0.156
0.242↔ 0.494 0.467↔ 0.678 0.639↔ 0.774
0.284↔ 0.521 0.490↔ 0.695 0.615↔ 0.754
 (13)
The next step we can take is to vary the parameters x′, y′, and z′ from -1 to 1 (within
a reasonable precision), and find the values for which the least accurate elements’ error is
minimized. We find that to the nearest hundreth, this minimum is obtained at (x′, y′, z′) =
6
(0.32,−0.26,−.40) with maximum error of 1.922σ. Explicitly, these values correspond to a
mixing matrix: 
−0.829 0.539 0.148
0.289 0.640 −0.712
0.478 0.548 0.686
 (14)
which can be compared to the experimental numbers in eq. (13).
The errors relative to experiment are given below in units of σ:
1.029 0.910 0.228
1.882 1.919 0.224
1.922 1.313 0.083
 . (15)
In addition to minimizing the error of the least accurate entry we can minimize the
average error of the matrix elements.
Looping over all possible values of x′, y′, and z′ (again to the nearest hundredth) minimizes
the mean error at (0.32,−0.27,−.045), with a value of 0.870 σ. Our mixing matrix is now
−0.822 0.549 0.149
0.298 0.638 −0.710
0.485 0.539 0.688
 , (16)
with errors

0.090 0.0351 0.199
1.671 1.869 0.151
2.091 1.558 0.167
 . (17)
From both these perspectives on error analysis, our T ′ model extended with a pair of scalar
singlets agrees with the current experimental data which provides a significant improvement
over the simple TBM model with singlet VEVs on the same order as the triplet VEVs, i.e.,
without introducing a new length scale.
We can also examine our fitting with a contour plot. Our error values are the most
sensitive to changes in x′ so we hold it constant at 0.32 and allow our parameters y′ and z′
to vary between -1 and 0 as shown in the plots below: (The parameter range (y′, z′) > 0
gives very high error values so it is not shown.)
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FIG. 1. Contour plot with x′ fixed at 0.32 of maximum mixing matrix error relative to experimental
data, where values are in units of σ.
8
FIG. 2. Contour plot with x′ fixed at 0.32 of average mixing matrix error relative to experimental
data, where values are in units of σ.
We see from these plots that there are relatively small ranges, but still without fine tuning
beyond an order of magnitude, for our parameters that give us maximum error and average
error less that 2σ and 1σ respectively.
VI. QUARK MIXING
As shown in [10], one can derive a reasonable prediction for the Cabbibo angle from the
Lagrangian in equation (6). We rederive this result here for our basis and then augment the
value when an additional scalar has a VEV. We also find the mass matrices for the first two
generations of up and down type quarks from the terms QLCRH3′ and QLSRH3 respectively.
From the discussion above we know that H3 must have a VEV of the form V (1, 1,−2). To
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give the correct masses to the charged leptons H3′ must have a VEV:
< H3′ >=
(
mτ
Yτ
, mµ
Yµ
, me
Ye
)
(18)
.
Using these values along with the Clebsch-Gordan coefficients found in the Appendix, we
obtain a mass matrix U for the up-type quarks:
U = YC
 mµYµ − 1√2 meYe
− 1√
2
me
Ye
mτ
Yτ
 (19)
.
Because mτ > mµ >> me we can, to lowest order, set me = 0 which gives a diagonal
mass matrix U. For our down-type mass matrix, D we obtain:
D = YS
 −1 − 1√2
− 1√
2
2
 (20)
.
The mixing matrix for the first two quark generations, (the upper left corner of the CKM
matrix) is W = K†uKd. Where Ku and Kd are the unitary matrices that diagonalize the
Hermitian squares of U and D respectively. Since U is already diagonal, Ku is just the
identity matrix and we have:
DD† = Y 2S
 32 − 1√2
− 1√
2
9
2
 (21)
W = Kd =
 0.976 0.218
−0.218 0.976
 (22)
This gives an expression for the Cabibbo angle Θ
tan(2Θ) =
(√
2
3
)
→ sin(Θ) = .218 (23)
in agreement with [10].
We can see that this prediction roughly approximates the measured value of sinΘ ≈ .225.
But given the high experimental precision of the Cabibbo angle, this prediction disagrees
with experiment by over twelve standard deviations. Some of this variation can be explained
by the fact that we have not included mixing with the third family in this simplified model.
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We could include third family mixing by adding the terms to the Lagrangian in equation
(6):
L′q = YtcuQLCRH23 + YbsdQLSRH22 + YcutQLtRH21 + YsdbQLbRH23 , (24)
but this introduces at least six more free parameters into the theory, and since we know
such contributions to be very small we ignore them in the present analysis. Instead we can
shift our prediction to well within the one sigma range by giving a VEV to the scalar H13
in the quark Lagrangian in eq.(6). With this additional term, the down-type quark matrix
becomes:
D′ = YS
 −1 1√2(−1 + YS′<H12>YS )
1√
2
(−1− YS′<H12>
YS
) 2
 . (25)
We can similary give a VEV to H1′3 , which will give an up-type matrix:
U ′ = YC
 mµYµ − 1√2(meYe − YC′<H1′3>YC )
− 1√
2
(me
Ye
+
YC′<H1′3
>
YC
) mτ
Yτ
 . (26)
But because the diagonal elements of U ′ are so large, this will not have a significant effect.
Similar to what the neutrino sector above, we can vary the value
YS′<H12>
YS
in order to get a
more accurate prediction for the Cabibbo angle. Because we are only varying one parameter
we can find the optimal value to a much higher precision. In fact setting the value to
YS′<H12>
YS
= .8792 gives us a mixing matrix:
W =
0.974464 −0.224545
0.224545 0.974464
 . (27)
The values for Wud and Wus, and thus the prediction for the Cabibbo angle, are almost
identical to those found from the latest experimental fit [29]:
|W | =
0.97446± 0.00010 0.22452± .00044
0.22438± 0.00044 0.97359+0.00010−0.00011
 . (28)
Specifically, our errors are (again in units of σ):0.0379 0.0562
0.3744 7.9435
 . (29)
The Wcd prediction is also well within 1σ. The prediction for Wcs is quite a bit off, but
this is to be expected, or at least not surprising, given our neglect of third family mixing
effects.
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VII. T ′ EMBEDDING IN SU(2)
As explained in the Introduction, it is often desirable to embed discrete symmetries into
continuous gauge groups at higher energy scales. The remainder of this paper will focus on
generalizing our T ′ model to a gauged SU(2)T ′ flavor theory.
There are three main tasks needed for our gauge group embedding. First, we must iden-
tify which SU(2)T ′ representations our T
′ particles can fall into. This is easily accomplished
by examining the branching rules from Table IV. New particles will have to be introduced
to fill out these SU(2)T ′ irreps, as a full theory cannot contain incomplete group representa-
tions. Second, we must ensure our theory is anomaly free. This involves checking that our
representations satisfy certain sum rules on their quantum numbers (see e.g., [30]). Again we
will see we must add more particles to the theory in order to cancel all anomalies. Finally,
we formulate a scalar Lagrangian where we can find a particular vacuum expectation value
that breaks SU(2)T ′ down stepwise to T
′ [31–33], then to Q, etc. and eventually to nothing.
A. SU(2) Multiplets
Table I shows the results of embedding the T ′ irreps of equations (1) and (4) into SU(2)T ′ .
Each row shows the particle in their SU(2)T ′ multiplet, and each column gives the represen-
tation of the constituent particles under the specified gauge group.
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TABLE I. Fermionic content of SU(2)T ′ gauge theory
Particles SU(3) SU(2) U(1) Charge SU(2)T ′
((ντ , τ), (νµ, µ), (νe, e))L 1 2 -1 3
τ cR 1 1 2 1
(A,B,C)L 1 1 -2 3
(µ, e,A,B,C)cR 1 1 2 5
(N1, N2, N3)R 1 1 0 3
((c, s), (u, d))L 3 2
1
3 2
(t, b)L 3 2
1
3 1
tcR 3 1 −43 1
(X, b, α, β, γ)cR 3 1
2
3 5
XL 3 1 −23 1
(α, β, γ)L 3 1 −23 3
(c, u, i, j)cR 3 1 −43 4
(s, d, k, l)cR 3 1
2
3 4
iL 3 1
4
3 1
jL 3 1
4
3 1
kL 3 1 −23 1
lL 3 1 −23 1
In order to complete the various irreps of SU(2)T ′ we have to include a number of new
particles. Specifically we have added three new leptons: (a, b, c), and eight new quarks:
X,α, β, γ, i, j, k, l.
Our next step is to check our theory for anomalies. With the current irreps, the only
anomaly that does not cancel is SU(2)T ′ × SU(2)T ′ × U(1)Y . To cancel this anomaly and
avoid disrupting other cancellations, we add the multiplets listed in Table II to the theory.
Note that this is not the only way to do the embedding, but it is the most straightforward
and economical embedding we have found.
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TABLE II. Additional particles needed for cancellation of chiral anomalies
Particles SU(3)C irrep SU(2)L irrep U(1)Y charge SU(2)T ′ irrep
(a1, a2, a3, a4, a5) 1 1 -2 5
(n1, n2) 1 1 2 2
m1 1 1 2 1
m1′ 1 1 2 1
m1′′ 1 1 2 1
With that we have a complete fermion sector for the theory. Although we have had to
add many new particles, all of them can be made sufficiently heavy such that they are only
relevant at very high energy scales.
B. Z2 anomaly cancellation
In the above formulation we have canceled all anomalies that come about due to the
addition of the T ′ symmetry to the standard model. However, recall that we also included
an extra Z2 symmetry in order to forbid certain unwanted Lagrangian terms. This Z2 can
be embedded in an extra U(1)Z2 symmetry that breaks at an arbitrary scale independent
of the SU(2)T ′ breaking. We detail the charge assignments for an example anomaly-free
SU(3) × SU(2)L × U(1)Y × SU(2)T ′ × U(1)Z2 theory below in Table III. Notice we have
added an SM singlet SU(2)T ′ 4 with Z2 charge −1 and fourteen fermions that are trivial
singlets under everything but U(1)Y × U(1)Z2 . Five of them, the Es have charge (2,1) and
the other five, the F s have charge (−2,0) under this group, the remaining four have U(1)Y
charge ±10 and U(1)Z2 charge 0, 1 or -1.
There is significant freedom in assigning U(1)Z2 charges to existing particles as they
reduce to particles with identical Z2 charges modulo 2. So even though this example has
involved adding many extra particles, a less baroque model may be possible.
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TABLE III. Example charge assignments for U(1)Z2 anomaly cancellation [16, 17]
Particles SU(3)C irrep SU(2)L irrep U(1)Y charge SU(2)T ′ irrep U(1)Z2 charge
((ντ , τ), (νµ, µ), (νe, e))L 1 2 -1 3 0
τ cR 1 1 2 1 1
(A,B,C)L 1 1 -2 3 0
(µ, e,A,B,C)cR 1 1 2 5 -1
(N1, N2, N3)R 1 1 0 3 0
((c, s), (u, d))L 3 2
1
3 2 0
(t, b)L 3 2
1
3 1 0
tcR 3 1 −43 1 0
(X, b, α, β, γ)cR 3 1
2
3 5 1
XL 3 1 −23 1 -1
(α, β, γ)L 3 1 −23 3 0
(c, u, i, j)cR 3 1 −43 4 -1
(s, d, k, l)cR 3 1
2
3 4 0
iL 3 1
4
3 1 0
jL 3 1
4
3 1 0
kL 3 1 −23 1 0
lL 3 1 −23 1 0
(a1, a2, a3, a4, a5) 1 1 -2 5 0
(n1, n2) 1 1 2 2 0
m1 1 1 2 1 1
m1′ 1 1 2 1 1
m1′′ 1 1 2 1 1
(b1, b2, b3, b4) 1 1 0 4 -1
5× E 1 1 2 1 1
5× F 1 1 -2 1 0
g1 1 1 -10 1 1
g2 1 1 -10 1 -1
h1 1 1 10 1 0
h2 1 1 10 1 0
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VIII. SPONTANEOUS SYMMETRY BREAKING
Our final step is to provide the spontaneous breaking of SU(2)T ′ → T ′. We have already
performed this analysis in a previous paper [33], so will only summarize the results here.
To have this spontaneous symmetry breaking we must include a scalar multiplet of SU(2)T ′
that contains a trivial singlet of T ′. Looking at the branching rules of table IV, we see the
smallest avalable irrep for this purpose is the 7. The 7 can be real or complex, but for
simplicity we choose a real multiplet with scalar potential
V7 = −m2 TabcTabc + λ (TabcTabc)2 + κ TabdTabeTfgeTfgd, (30)
where T is a traceless, symmetric, 3× 3× 3 tensor, λ and κ are the scalar quartic coupling
constants, and the indices a, b, ... run from 1 to 3.
Spontaneous breaking to T ′ occurs when the potential is minimized and the scalar is given
a Vacuum Expectation Value (VEV) in a particular direction. For the real 7 this VEV is
[33]:
V =
√
3m2
2(3λ+ κ)
[0, 0, 0, 0, 0, 0, 1]. (31)
After breaking SU(2)T ′ the 7 real scalars reduce to their T
′ irreps with mass eigenvalues
given by
Value Multiplicity
0 3
4m2 1
8m2κ
5(3λ+κ) 3
which contains the three requisite Goldstone bosons that get eaten by the SU(2)T ′ gauge
bosons. To ensure a stable minimum the coupling constants must satisfy the constraints
3λ + κ > 0 and κ > 0. Clearly there is a substantial region of parameter space where this
pattern of SSB is the stable minimum of the potential in eq.(30).
This 7 is obviously not the only scalar in the theory as more scalars are needed to
construct Yukawa terms at the SU(2)T ′ scale. However, we omit the full scalar Lagrangian
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in this paper because we will not be exploring its complete phenomenology at present. We
are assuming that the coupling of the 7 to the other scalars is sufficiently weak that the
breaking to T ′ is not destabilized. The analysis of a specific example of this type of VEV
stability can be found in [33].
IX. CONCLUSION
We have extended the basic T ′ flavor model to fit the current best available quark and
lepton mass and mixing angle data. More specifically, we have constructed an extended but
fairly simple, renormalizable T ′ model that predicts neutrino mixing parameters within 2σ
of experiment, as well as a Cabibbo angle well within 1σ. This has required the addition of
T ′ scalar singlets with VEVs. Once our new T ′ model was fixed, we then extended it further
by embedding it in SU(2)T ′ such that the entire model was fully gauged. This avoided all
problems with gauge and gravity mixed anomalies at the expense of adding a number of
new fermions to the lepton and quark sectors. The additional fermions were not necessarily
the minimal set, as there are many possible choices, so what we have provided is a proof
of principle that fully gauged flavor models can be found to fit all current flavored data.
It still remains quite challenging to find a full gauge unification of flavor, but it is perhaps
not unreasonable to hope that one could eventually find a top-down GUT flavor model that
reduces to a product gauge model of the type we have discussed here.
Besides the T ′ model discussed here, gauged A4 models [34–36] have also appeared, but
there remains a long list of discrete groups S4, A5, Q6, O
′, I ′, T7,∆(27) and PSL(2, 7) that
are easy to obtain from breaking SU(2) or SU(3). So it appears possible to gauge some if
not all of the models based on these groups [37–45].
There is still more to explore within our present model; in particular the phenomenology
of the new scalar singlets and the additional fermions required for anomaly cancellation.
The phenomenology of the SU(2)T ′ scalar 7 would also benefit from further study, but we
leave these topics for future work. Beyond this specific model, it would be preferable to
avoid Zn factors by either reassigning irreps of SM states, or by using different initial non-
abelian discrete groups. This would simplify the anomaly cancelation and hence minimize
the introduction of extra fermionic states. We plan to search for such models in the future.
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Appendix A: Useful Information About the Binary Tetrahedral Group T ′
1. T ′ Character Table
Dimension C1 C2 4C3 6C4 4C5 4C6 4C7
11 1 1 1 1 1 1 1
12 1 1 ω
2 ω4 1 ω2 ω4
13 1 1 ω
4 ω2 1 ω4 ω2
21 2 -2 -1 -1 0 1 1
22 2 -2 ω
5 ω 0 ω2 ω4
23 2 -2 ω ω
5 0 ω4 ω2
3 3 3 0 0 -1 0 0
Where ω = e
2pii
6 .
2. Kronecker Products of T ′ Irreps
Dimension 11 12 13 21 22 23 3
11 11 12 13 21 22 23 3
12 12 13 11 22 23 21 3
13 13 11 12 23 21 22 3
21 21 22 23 11 + 3 12 + 3 13 + 3 21 + 22 + 23
22 22 23 21 12 + 3 13 + 3 11 + 3 21 + 22 + 23
23 23 21 22 13 + 3 11 + 3 12 + 3 21 + 22 + 23
3 3 3 3 21 + 22 + 23 21 + 22 + 23 21 + 22 + 23 11 + 12 + 13 + 3 + 3
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3. Decomposition of SU(2) Irreps to T ′ Irreps
TABLE IV. SU(2)→ T ′
SU(2) Dynkin Index T ′
11 12 13 21 22 23 3
1 0 1 0 0 0 0 0 0
2 1 0 0 0 1 0 0 0
3 4 0 0 0 0 0 0 1
4 10 0 0 0 0 1 1 0
5 20 0 1 1 0 0 0 1
6 35 0 0 0 1 1 1 0
7 56 1 0 0 0 0 0 2
8 84 0 0 0 2 1 1 0
9 120 1 1 1 0 0 0 2
4. T ′ Clebsch-Gordan Coefficients
For our basis we take the tensor products in section 5 of [2] with p = i, p1 = −1, and
p2 = 1.
 x1
x2

2(2′)
⊗
 y1
y2

2(2′′)
=
(
x1y2 − x2y1√
2
)
1
⊕

−1√
2
(x1y2 + x2y1)
−x1y1
x2y2

3
, (A1)
 x1
x2

2′(2)
⊗
 y1
y2

2′(2′′)
=
(
x1y2−x2y1√
2
)
1′′
⊕

x1y1
x2y2
1√
2
(x1y2 + x2y1)

3
, (A2)
 x1
x2

2′′(2)
⊗
 y1
y2

2′′(2′)
=
(
x1y2−x2y1√
2
)
1′
⊕

x2y2
−1√
2
(x1y2 + x2y1)
x1y1

3
, (A3)
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
x1
x2
x3

3
⊗

y1
y2
y3

3
= [x1y1 + x2y3 + x3y2]1
⊕ [x3y3 − (x1y2 + x2y1)]1′ ⊕ [(x2y2 − (x1y3 + x3y1)]1′′
⊕

2x1y1 − x2y3 − x3y2)
−2x3y3 − x1y2 − x2y1
−2x2y2 − x1y3 − x3y1

3
⊕

x2y3 − x3y2
x1y2 − x2y1
x3y1 − x1y3

3
, (A4)
 x1
x2

2,2′,2′′
⊗

y1
y2
y3

3
=
 −√2x2y2 + x1y1
−√2x1y3 − x2y1

2,2′,2′′
⊕
 √2x2y3 + x1y2
−√2x1y1 − x2y2

2′,2′′,2
⊕
 −√2x2y1 + x1y3√
2x1y2 − x2y3

2′′,2,2′
, (A5)
(x)1′(1′′) ⊗
 y1
y2

2,2′,2′′
=
 xy1
xy2

2′(2′′),2′′(2),2(2′)
, (A6)
(x)1′ ⊗

y1
y2
y3

3
=

xy3
xy1
−xy2

3
, (x)1′′ ⊗

y1
y2
y3

3
=

xy2
−xy3
xy1

3
. (A7)
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